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ABSTRACT OF THESIS 
CIRCULATION DEPENDENCE OF THE INTERACTION BETWEEN A WING-TIP 
VORTEX AND TURBULENCE 
 
Vortices are present in many fluid flows and depending on the context they may be 
either beneficial or harmful for different systems or processes. Planar particle image 
velocimetry was used to examine the vortex evolution and its decay under different 
turbulence intensities and vortex circulation. The vortex decayed faster in the presence of 
high turbulence intensity. Vortex trajectories were impacted by turbulence intensity and 
vortex strength. Trajectories with no turbulence intensity had less variation. The vortex 
wandering amplitude decreased with growth of vortex strength. The vortex decay was 
confined to the core of the vortex, with the tangential velocity at large radial distances from 
the vortex center being relatively constant in time. The vortex core radius had a greater rate 
of growth with the low turbulence intensity and lower angle of attack. The amplitude of 
fluctuation of the core circulation increased for the higher turbulence intensity and weaker 
vortex.  
KEYWORDS: Vortex, Turbulence, Angle of Attack, Core Circulation, Velocity. 
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𝑈𝑡⃗⃗⃗⃗  Velocity of towing tank  
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𝑌(𝜉)   Distribution of vorticity on the surface of 
the airfoil 
𝛼 Angle of attack  
𝜀 Time rate of decay of turbulent kinetic 
energy 
𝛤𝑐  Core circulation  
𝜇𝑥 Vortex center location from the Y-axis 
𝜇𝑦  Vortex center location from the X-axis 
?⃗?  Vorticity vector 
𝛺𝑟 Radial component of vorticity 
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𝛺𝑦  Y-component of vorticity 
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Other Notation  
 
 
 
<> Ensemble average  
<>∗ Initial value of ensemble average 
()𝑟 Value of core radius denote  
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()𝑦 Value in y-direction 
()𝑧 
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Chapter 1: Introduction 
 
 Vortices:  
 
Vortices are one of the most important topics in fluid mechanics and sometimes one of the 
most recognizable features. Vortices can play harmful or beneficial roles for fluid-
dependent processes or systems [1]. One example where they can play a significant role is 
in aviation safety (Fig. 1). It has been well- established that finite lifting surfaces produce 
tip vortices, and that increased lift force on the surface creates a stronger vortex. Wing-tip 
vortices form as a result of pressure differences across the wing, which results in inward 
flow across the top of the wing and outward flow across the bottom of the wing [1]. Thus, 
this pressure difference introduces rotation and formation of a vortex around the tip. Fig. 3 
present how this this rotation causes shear layer rolls up tip the wing-tip vortex formation. 
To increase  safety factors, it’s important to develop our knowledge and capability to 
predict the rate of decay of wing-tip vortices [2] as vortices are very stable and have a very 
small rate of decay. But current studies show that external disturbances like free-stream 
turbulence and shear have an important impact on the rate of decay [3]. Other scientists, 
e.g. Ahmad-Baloutaki et al.  [4] and Bailey and Tavoularis [5] found free-stream turbulence 
increases the rate of decay of vortices and impacts the vortex formation as well.  
 
 
 
 
 
 
 
 
Figure 1:  Wake turbulence through the clouds [6] 
 
[2] 
 
 Turbulence: 
 
Turbulence is defined as a state of fluid when there are stochastic motion and random 
deviations at a diverse range of time and length scales [7]. In contrast to turbulent flow, 
there is a laminar flow. Laminar flow converts to the turbulence when the ratio of internal 
forces to the viscous forces highly increase and in fluid mechanics, this ratio is presented 
as the Reynold’s number, Re. Random motion, rapid mixing, and a high transfer rate of 
mass, momentum and energy are the most important consequences of turbulence flow [7]. 
Isotropic turbulence occurs when all its statistical properties are independent of orientation. 
Also, turbulence becomes homogeneous when statistical characteristics are not dependent 
on location [7]. When using a grid or other carefully designed apparatus, it’s possible to 
produce isotropic and homogeneous turbulent flow in a laboratory [8]. Homogeneous 
turbulence, due to its simplicity, is frequently used in studies about the impact of the 
turbulence on wing-tip vortices and Ghimire and Bailey [2], Bailey and Tavoularis [5], 
Ahmadi-Baloutaki [4], and Heyes et al. [9], through their experiments using grid 
turbulence, observed that free-stream turbulence impacts the formation of a wing-tip vortex 
and the development of the resulting velocity field. The majority of these previous 
investigations, due to the nature of the facilities used, concentrated on the region close to 
the vortex generator [10] and a single vortex circulation. However, there are few laboratory 
studies examining the interaction between turbulence and a wing-tip vortex over an 
extended period of time. The current study’s objectives are to obtain a better understanding 
of vortex decay within turbulent flow over an extended period of time and with differing 
vortex circulation. 
 
 Motivation and Objectives: 
 
In this study, the wing-tip vortex has been produced by a submerged a NACA0012 airfoil 
which has been towed through water within a towing tank. The wing was set at 3 different 
angles of attack to produce wing-tip vortices with different circulations, and different mesh 
grids used to generate different free-stream turbulence conditions. The resulting velocity 
field was measured by Particle Image Velocimetry (PIV).  
[3] 
 
Chapter 2: Analytical Background 
 
2.1 Vorticity and Vortex Circulation: 
 
In fluid mechanics the velocity vector is defined as a time rate of change of fluid element 
position which represents the speed of that fluid element. The fluid element deforms as it 
encounters different forces. This fluid body deformation can be described by a 
displacement gradient, such that the rate of deformation of a fluid element is described by 
the velocity gradient. The resulting tensor, the rate of deformation tensor, decomposes into 
a symmetric component and an anti-symmetric component such that we have   
 
𝛻𝑈 =
1
2
(𝛻𝑈 + 𝛻𝑈𝑇)+
1
2
(𝛻𝑈 − 𝛻𝑈𝑇) 
 
(2.1) 
   symmetric      anti-symmetric 
  
= E+𝛺 
 
(2.2) 
Within this equation, the symmetric part, E, is the rate of strain tensor and the anti-
symmetric part is the vorticity tensor, 𝛺 [11].  
In three dimensions, the vorticity tensor consists of 9 components which are 
 
𝛺𝑖𝑗 =
1
2
(
𝜕𝑈𝑖
𝜕𝑈𝑗
−
𝜕𝑈𝑗
𝜕𝑈𝑖
) 
 
(2.3) 
but, since it contains only three unique components, 𝛺𝑘 ,  which represent the local angular 
velocity of fluid elements and can be related to the full tensor through  
 
𝛺𝑖𝑗 =
1
2
𝜖𝑖𝑗𝑘𝛺𝑘 
 
(2.4) 
where 
 
[4] 
 
 
𝜖𝑖𝑗𝑘 :     1    if ijk=123,231,321 
            0    if there are two of the same indices  
            -1   if ijk=321,213,132 
 and ?⃗?  is the vorticity vector, whose magnitude is twice the local angular velocity of the 
fluid element [11, 12]. 
So, the components of the vorticity vector are defined as follows: 
 
𝛺1 =
𝜕𝑢3
𝜕𝑥2
− 
𝜕𝑢2
𝜕𝑥3
 
 
(2.5) 
 
𝛺2 =
𝜕𝑢1
𝜕𝑥3
− 
𝜕𝑢3
𝜕𝑥1
 
 
(2.6) 
 
𝛺3 =
𝜕𝑢2
𝜕𝑥1
− 
𝜕𝑢1
𝜕𝑥2
 
 
(2.7) 
2.2 Vorticity equation: 
 
The Helmholtz equation describes the time rate of change of vorticity as: 
 
𝐷?⃗? 
𝐷𝑡⁄ =(?⃗?
 . ?⃗? ) ?⃗? + 𝜐𝛻2⃗⃗ ⃗⃗  ?⃗?                  
 
(2.8) 
where 𝜐 is the kinematic viscosity (𝜐 = μ/ρ) and 
𝐷?⃗? 
𝐷𝑡⁄  is the time rate of change of vorticity 
(?⃗? . ?⃗? ) ?⃗?  is the change of vorticity field due to velocity field, and  
𝜐𝛻2⃗⃗ ⃗⃗  ?⃗?  is the vorticity diffusion because of fluid viscosity.  
Equation 2.8 is also called the vorticity transport equation.  
[5] 
 
By the expanding the first term on the right-hand side of equation (2.8) for an inviscid flow, 
we can understand better the physics behind it 
 
𝐷𝛺1
𝐷𝑡
=  𝛺1
𝜕𝑈1
𝜕𝑥1
+  𝛺
𝜕𝑈1
𝜕𝑥2
+ 𝛺3
𝜕𝑈1
𝜕𝑥3
 
 
(2.9) 
so, 
𝛺1
𝜕𝑈1
𝜕𝑥1
∶ represents the vorticity intensification in the X-direction by “vortex stretching” 
𝛺2
𝜕𝑈1
𝜕𝑥2
 and 𝛺3
𝜕𝑈1
𝜕𝑥3
: represent the vortex twisting/reorientation of the Y and Z component of 
vorticity in the X-direction 
 
2.3 Circulation:  
 
Similar to streamlines, vorticity lines can be defined.  These are lines tangent at any point 
to the local vorticity vector. Vorticity tubes are the same set of vorticity lines within space 
[13] and are commonly used as theoretical  representations of vortices. The strength of the 
vortex is measured by circulation which is a closed line integral around the velocity vectors 
along a closed path, C, and it is defined as  
 
𝛤 = ∮ ?⃗? ∙ 𝑡 ∙ 𝑑𝑠 
 
(2.10) 
where, ?⃗?  is a velocity vector, t is a tangent unit vector indicating the direction of the line 
element ds [11].  
We can apply Green’s theorem and have:  
  
∫ (?⃗? 𝑥?⃗? ). ?̂? 𝑑𝐴=∫ ?⃗? . ?̂? 𝑑𝐴 
 
(2.11) 
where A is the area enclosed by C and ?̂? is a surface normed vector to dA [14]. 
 
[6] 
 
2.4 Helmholtz Vortex Law and Kelvin’s Theorem:  
 
The series of Kelvin and Helmholtz theorems give more insight into some vortex behavior 
in a different procedure. Kelvin considered that the circulation is constant around the close 
curve moving with a fluid element. For conservative body forces, inviscid and barotropic 
flow (where 𝜌 = 𝑓(𝑝) with  indicating density and p the pressure) Kelvin’s theorem states 
 
𝐷𝛤
𝐷𝑡
 = 0 
 
(2.12) 
where 
𝐷𝛤
𝐷𝑡
 is the material derivative [15].  
Based on a similar assumption to that of Kelvin’s theorem, the first Helmholtz vortex 
theorem states that a vortex tube’s circulation doesn’t change along its length. The second 
Helmholtz theorem states that the fluid element with zero vorticity will not gain vorticity 
for all time. And the third Helmholtz theorem says the fluid elements on the vorticity line 
stay in the vorticity line too. In other words, vortex lines and material lines connecting the 
fluid elements are coincident.  
2.5 Generation of the wing-tip vortex:  
    
When a fluid passes by a wing its velocity changes, in turn this creates pressure differences 
and hence lift forces. The wing is designed to produce higher pressure on the bottom side 
and lower pressure on the top side, together resulting in a pressure difference across the 
wing’s surface and hence a lift force. Due to this unbalanced pressure, the flow near the 
wing tip tends to roll over to the low-pressure side which is shown in Fig. 2 [1]. 
Figure 2: Sketch showing of pressure difference over a NACA0012 airfoil. 
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This also results in a spanwise pressure gradient from the tip of the wing to the root of the 
wing. In turn, this results in a shear layer forming at the trailing edge of the wing, which 
rolls up in a circular motion around the discontinuity at the wing tips as it evolves 
downstream, to form the wing-tip vortex. The resulting vortices decay slowly and tend to 
be stable [16]. 
 
2.6 Relationship between Circulation and Lift: 
 
Vortices generate at finite lifting surfaces. Due to Helmholtz’s theorems, these vortices 
have the same circulation as that generated by the wing itself.  The wing’s circulation can 
be determined from the Kutta-Joukowski theorem which states the relationship between 
circulation and lift forces as 
 
L=-𝜌∞𝑈∞ 𝛤 
 
(2.13) 
where L is the lift force, 𝜌∞ is the density of the free stream, and 𝑈∞ is the velocity of the 
free stream. Thus, the lift produced by the wing can be represented by a bound vortex 
attached to the wing. Based on Kelvin’s theorem, the material derivative of total circulation 
is zero and Helmholtz’s theorem states that vortices can’t end in the fluid. So, the trailing 
vortices can be thought of as an extension of the bound wing vortex and hence the 
circulation of the trailing vortices and bound vortices are equal [13]. Thus, wings which 
produce more lift, produce stronger vortices.   
 
2.7 Relation between Angle of Attack and Vortex Circulation 
 
The angle of attack is defined as the angle between free stream fluid and chord of the wing’s 
airfoil. Drag force is acting in the free stream direction and lift force is perpendicular to 
drag. Fig. 3 shows the lift and drag forces on the airfoil, the free stream velocity 𝑈∞ and 
the angle of attack, 𝛼 [16]. In section 2.5, It has already been discussed when a flow passing 
an airfoil due to pressure difference caused by a velocity difference across the wing. At 
[8] 
 
sufficiently high angle of attack the fluid can no longer follow the airfoil geometry and 
separates from the wing, leading to stall of the airfoil. 
The Kutta-Joukowsi theorem relates lift and circulation. 
 
 
 
 
 
 
Figure 3:Thin airfoil geometry parameters 
For sufficiently low angle of attack that the airfoil is not stalled, and for a thin symmetric 
airfoil the total circulation will be 
 
𝛤 = ∫ 𝑌(𝜉) 𝑑
𝐶
0
𝜉 
 
(2.14) 
where, 𝛤 is circulation and C is the chord length. 𝑌(𝜉)  is defined as a vorticity distribution 
on the airfoil. With the change of the integral limits from 0 to 𝜋 and using the transform 
𝜉=
𝐶
2
(1 − 𝑐𝑜𝑠 𝛩)𝑎𝑛𝑑 d 𝜉 =
𝐶
2
𝑠𝑖𝑛 𝜃 𝑑𝜃, we have 
 
𝛤 =
𝐶
2
∫ 𝑌(𝜃) 𝑠𝑖𝑛 𝜃  𝑑
𝜋
0
𝜃 
 
(2.15) 
and instead of Y(𝜃), we can use 2𝛼𝑈∞
(1+𝑐𝑜𝑠 𝜃)
𝑠𝑖𝑛 𝛩
 and then we have  
  𝛤 = 𝛼 𝐶 𝑈∞ ∫ (1 + 𝑐𝑜𝑠 𝜃) 𝑑𝜃
𝜋
0
=  𝜋 𝛼 𝐶 𝑈∞     (2.16) 
 
[9] 
 
The Kutta-Joukowski theorem states that for any 2-D body in steady flow the lift force 
perpendicular to the 𝑈∞ direction will be a product of free stream velocity, free stream 
density, and total circulation of fluid around that body per span unit span 
𝐿 = 𝑈∞ 𝜌∞  𝛤      
 
which implies 
 
𝐿 = ∫ 𝑈∞ 𝜌∞ 𝑌(𝜉) 𝑑
𝐶
0
𝜉 
 
(2.17) 
leading to 
 
 𝐿 = 𝜌∞𝑈∞
2 𝛼 𝐶 ∫ (1 + 𝑐𝑜𝑠 𝜃) 𝑑𝜃
𝜋
0
 (2.18) 
and 
  
L=𝜌∞𝑈∞
2 𝛼 𝜋 C  
 
(2.19) 
 
The lift coefficient of airfoil is  
 
𝐶𝑙 =  
𝐿
0.5 𝜌∞𝑈∞
2 𝐶 
 
 
(2.20) 
and since L=𝜌∞𝑈∞
2 𝛼 𝜋 C this simplifies to 
  
𝐶𝑙 = 2  𝜋 𝛼 
 
(2.21) 
where, 𝛼 is defined as an angle of attack and 𝐶𝑙 is the lift coefficient [16]. Hence, the lift 
produced by a wing is directly proportional to its angle of attack (as long as the conditions 
are not near stall, and the flow field is steady).  Furthermore, this also implies that the 
[10] 
 
circulation of the wing-tip vortices are also linearly related to the angle of attack of the 
wing. 
 
2.8 Mass and Momentum Conservation of Fluid Flow: 
 
Mass and momentum conservation for a fluid flow can be defined under specific conditions 
such as incompressible, Newtonian flow with zero body forces (no gravity) and barotropic 
conditions.  Under these conditions, conservation of mass is 
 
𝜕𝑈𝑖
𝜕𝑥𝑖
= 0, 
 
(2.22) 
also called the continuity equation. The linear momentum equation, also known as the 
Navier-Stokes equation, becomes: 
 
𝜕𝑈𝑖
𝜕𝑡
 + 𝑈𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗
 = - 
1
𝜌
 
𝑃
𝜕𝑥𝑖
+  𝜐
𝜕2𝑈𝑖
𝜕𝑥𝑖𝜕𝑥𝑗
 
 
(2.23) 
In order to study vortices, it is convenient to convert to use a cylindrical coordinate system. 
The relation between parameters of a rectangular coordinate system and cylindrical 
coordinate system is:   
 
r= √𝑧2 + 𝑦2 
 
(2.24) 
 𝜃 = 𝑡𝑎𝑛−1(
𝑦
𝑧
) (2.25) 
 
and the cylindrical axis direction is aligned with the x-direction in the rectangular 
coordinate system. Therefore, in the cylindrical coordinate system 𝑈𝑥 , 𝑈𝑟, and 𝑈𝜃  are 
known as axial, radial, and tangential velocity respectively. Thus, the mass conservation 
equation in the cylindrical coordinate system becomes [15] 
 𝜕𝑈𝑟
𝜕𝑟
+ 
𝑈𝑟
𝑟
+ 
1
𝑟
𝜕𝑈𝜃
𝜕𝜃
+ 
𝜕𝑥
𝜕𝑥
 = 0 (2.26) 
[11] 
 
 
 
with the components of the momentum balance being 
x-direction:  
 𝜕𝑈𝑟
𝜕𝑡
+ 𝑈𝑟
𝜕𝑈𝑟
𝜕𝑟
+ 𝑈𝑥
𝜕𝑈𝑟
𝜕𝑥
− 
𝑈𝜃
2
𝑟
=  −
1
𝜌
 
𝜕𝑃
𝜕𝑟
+ 𝑥 𝜐 (
𝜕2𝑈𝑟
𝜕𝑟2
 +   
𝜕
𝜕𝑟
 (
𝑈𝑟
𝑟
) + 
𝜕2𝑈𝑟
𝜕𝑥2
 ) 
 
(2.27) 
y-direction:  
 𝜕𝑈𝜃
𝜕𝑡
+ 𝑈𝑟
𝜕𝑈𝜃
𝜕𝑟
+ 𝑈𝑥
𝜕𝑈𝜃
𝜕𝑥
− 
𝑈𝜃𝑈𝑟
𝑟
=  
1
𝜌
 
𝜕𝑃
𝜕𝜃
+  𝜐 (
𝜕2𝑈𝜃
𝜕𝑟2
 +   
𝜕
𝜕𝑟
 (
𝑈𝜃
𝑟
) + 
𝜕2𝑈𝜃
𝜕𝑥2
 ) (2.28) 
z-direction:  
 
 𝜕𝑈𝑥
𝜕𝑡
+ 𝑈𝑟
𝜕𝑈𝑥
𝜕𝑟
+ 𝑈𝑥
𝜕𝑈𝑥
𝜕𝑥
= − 
1
𝜌
 
𝜕𝑃
𝜕𝑥
+  𝜐 (
𝜕2𝑈𝑥
𝜕𝑟2
 +   
𝜕
𝜕𝑟
 (
𝑈𝑥
𝑟
) + 
𝜕2𝑈𝑥
𝜕𝑥2
 ). 
 
(2.29) 
 
By definition, the vorticity field is “divergence-free” such that: 
 
 𝜕𝛺𝑥
𝜕𝑥
+ 
𝜕𝛺𝑦
𝜕𝑦
+ 
𝜕𝛺𝑧
𝜕𝑧
= 0 
 
(2.30) 
where, 𝛺𝑥 , 𝛺𝑦 , 𝛺𝑧 are the vorticity vector components aligned with the x, y, and z-axis 
directions respectively [15]. 
In order to calculate the vorticity transport equation, we calculate the curl of the linear 
momentum equation, which becomes 
 
 
 
[12] 
 
 Vorticity transport in the x-direction:  
 𝜕𝛺𝑥
𝜕𝑡
+ 𝑈𝑥
𝜕𝛺𝑥
𝜕𝑥
+ 𝑈𝑦
𝜕𝛺𝑥
𝜕𝑦
+ 𝑈𝑧
𝜕𝛺𝑥
𝜕𝑧
=  𝛺𝑥
𝜕𝑈𝑥
𝜕𝑥
+ 𝛺𝑦
𝜕𝑈𝑥
𝜕𝑦
+ 𝛺𝑧
𝜕𝑈𝑥
𝜕𝑧
+ 
𝜐 (
𝜕2𝛺𝑥
𝜕𝑥2
 + 
𝜕2𝛺𝑦
𝜕𝑦2
+
𝜕2𝛺𝑧
𝜕𝑧2
 ) 
 
(2.31) 
 Vorticity transport in the y-direction:  
 𝜕𝛺𝑦
𝜕𝑡
+ 𝑈𝑥
𝜕𝛺𝑦
𝜕𝑥
+ 𝑈𝑦
𝜕𝛺𝑥
𝜕𝑦
+ 𝑈𝑧
𝜕𝛺𝑦
𝜕𝑧
= 𝛺𝑥
𝜕𝑈𝑦
𝜕𝑥
+ 𝛺𝑦
𝜕𝑈𝑦
𝜕𝑦
+ 𝛺𝑧
𝜕𝑈𝑦
𝜕𝑧
+ 
𝜐 (
𝜕2𝛺𝑦
𝜕𝑥2
 + 
𝜕2𝛺𝑦
𝜕𝑦2
+
𝜕2𝛺𝑦
𝜕𝑧2
 ) 
 
(2.32) 
 Vorticity transport in the z-direction:  
 𝜕𝛺𝑧
𝜕𝑡
+ 𝑈𝑥
𝜕𝛺𝑧
𝜕𝑥
+ 𝑈𝑦
𝜕𝛺𝑧
𝜕𝑦
+ 𝑈𝑧
𝜕𝛺𝑧
𝜕𝑧
= 𝛺𝑥
𝜕𝑈𝑧
𝜕𝑥
+ 𝛺𝑦
𝜕𝑈𝑧
𝜕𝑦
+ 𝛺𝑧
𝜕𝑈𝑧
𝜕𝑧
+ 𝜐 (
𝜕2𝛺𝑧
𝜕𝑥2
 
+ 
𝜕2𝛺𝑧
𝜕𝑦2
+
𝜕2𝛺𝑧
𝜕𝑧2
 ) 
 
(2.33) 
 
Again, it is useful to transform the vorticity equation from a rectangular coordinate 
system to a cylindrical coordinate system. in the following equations:  
 𝜕𝛺𝑥
𝜕𝑥
+ 
1
𝑟
𝜕𝛺𝑟
𝜕𝑟
+ 
𝜕𝛺𝜃
𝜕𝜃
= 0 
 
(2.34) 
where, 
𝜕𝛺𝑥
𝜕𝑥
, 
𝜕𝛺𝑟
𝜕𝑟
, 𝑎𝑛𝑑 
𝜕𝛺𝜃
𝜕𝜃
 𝑎𝑟𝑒: 
 Vorticity transport in the x-direction:  
 𝜕𝛺𝑥
𝜕𝑡
+ 𝑈𝑟
𝜕𝛺𝑥
𝜕𝑟
+ 𝑈𝜃
𝜕𝛺𝑥
𝑟𝜕𝜃
+ 𝑈𝑥
𝜕𝛺𝑥
𝜕𝑥
= 𝛺𝑟
𝜕𝑈𝑥
𝜕𝑟
+ 𝛺𝜃
𝜕𝑈𝑥
𝜕𝜃
+ 𝑈𝑥
𝜕𝑈𝑥
𝜕𝑥
+ 𝜐𝛥𝛺𝑥 
 
(2.35) 
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Vorticity transport in the r-direction:  
 𝜕𝛺𝑟
𝜕𝑡
+ 𝑈𝑟
𝜕𝛺𝑟
𝜕𝑟
+ 𝑈𝜃𝑟
𝜕𝑈𝑟
𝜕𝜃
+ 𝑈𝑥
𝜕𝛺𝑟
𝜕𝑥
= 𝛺𝑟
𝜕𝑈𝑟
𝜕𝑟
𝑒 + 𝛺𝜃
1
𝑟
𝜕𝑈𝑟
𝜕𝜃
+ 𝛺𝑥
𝜕𝑈𝑟
𝜕𝑥
+ 𝜐(𝛥𝛺𝑟 −
𝛺𝑟
𝑟2
−
2
𝑟2
𝜕𝛺𝜃
𝜕𝜃
) 
 
(2.36) 
 
Vorticity transport in the 𝜃-direction:  
 𝜕𝛺𝜃
𝜕𝑡
+ 𝑈𝑟
𝜕𝛺𝜃
𝜕𝑟
+ 𝑈𝜃
1
𝑟
𝜕𝛺𝜃
𝜕𝜃
+ 𝑈𝑥
𝜕𝛺𝜃
𝜕𝑥
− 𝑈𝑟
𝜕𝛺𝜃
𝑟
= 𝛺𝑟
𝜕𝑈 𝜃
𝜕𝑟
+ 𝛺𝜃
1
𝑟
𝜕𝑈 𝜃
𝜕𝜃
+ 𝛺𝑥
𝜕𝑈 𝜃
𝜕𝑥
− 𝑈𝜃
𝛺𝜃
𝑟
+ 𝜐(𝛥𝛺𝜃 −
𝛺𝜃
𝑟2
+
2
𝑟2
𝜕𝛺𝑟
𝜕𝜃
) 
 
(2.37) 
 
where, we can define the 𝛺𝜃 , 𝛺𝑟 , 𝑎𝑛𝑑 𝛺𝑥based on the 𝑈𝑥, 𝑈𝜃 , 𝑎𝑛𝑑 𝑈𝑟  as follows: 
𝛺𝜃 =
𝜕𝑈 𝑟
𝜕𝑥
 - 
𝜕𝑈𝑥
𝜕𝑟
 
𝛺𝑟 =
1
𝑟
𝜕𝑈 𝑥
𝜕𝜃
 - 
𝜕𝑈𝜃
𝜕𝑥
 
𝛺𝑥 =
1
𝑟
𝜕(𝑟𝑈 𝜃)
𝜕𝑟
 - 
1
𝑟
𝜕𝑈𝑟
𝜕𝜃
 
 
(2.38) 
and, 𝛥 is the Laplacian in the cylindrical coordinate system [15] 
𝛥 =
𝜕2
𝜕𝑟2
+
1
𝑟
 
𝜕
𝜕𝑟
+
1
𝑟2
𝜕2
𝜕𝜃2
+
𝜕2
𝜕𝑥2
 
 
 
 
 
 
[14] 
 
2.9 Turbulence:  
 
The most straightforward approach to statistically understand turbulent flows is through 
implementation of Reynolds decomposition, where one considers a time-dependent signal 
consists of two terms, a fluctuating component and mean component 
 
A(t)=<A> + a(t) 
 
(2.39) 
where A is the time dependent signal, a is the time-dependent fluctuating component, and 
<A> is the time-independent mean component. So, by Reynolds decomposition pressure 
and velocity can be written as  
  
Ui(t)= <Ui> + ui(t) 
P(t)= <P> + p(t) 
 
(2.40) 
where <Ui> and <P> are the mean value for the velocity components and pressure 
respectively, and ui and p are the corresponding fluctuation terms. By implementing 
Reynolds decomposition in the Navier-Stokes equation, one can obtain the RANS 
(Reynolds Average Navier-Stokes) equation  
 
𝜕<𝑈𝑖>
𝜕𝑡
 + < 𝑈𝑗> 
𝜕<𝑈𝑖>
𝜕𝑥𝑗
 = -
1
𝜌
𝜕<𝑃>
𝜕𝑥𝑖
 + 𝜈 
𝜕2<𝑈𝑖>
𝜕𝑥𝑖𝜕𝑥𝑗
 - 
𝜕<𝑢𝑖𝑢𝑗>
𝜕𝑥𝑗
 
 
(2.41) 
which introduces -𝜌 < 𝑢𝑖𝑢𝑗 >, known as the Reynolds stress tensor, as the influence of the 
fluctuations of turbulence on the mean velocity field. The transport equation for the 
Reynolds stress tensor < 𝑢𝑖𝑢𝑗 >  can be written as 
 
𝜕
𝜕𝑡
(
1
2
< 𝑢𝑖𝑢𝑛 >)+<𝑈𝑗> 
𝜕
𝜕𝑥𝑗
(
1
2
< 𝑢𝑖𝑢𝑛 >) = −< 𝑢𝑗𝑢𝑛 >
𝜕<𝑈𝑖>
𝜕𝑥𝑗
 - 
< 𝑢𝑗𝑢𝑛 >-
𝜕<𝑈𝑛>
𝜕𝑥𝑗
 - 
𝜕<𝑢𝑖𝑢𝑗𝑢𝑛>
𝜕𝑥𝑗
 -       
1
𝜌
(< 𝑢𝑛
𝜕<𝑃>
𝜕𝑥𝑖
 > + <𝑢𝑖
𝜕<𝑃>
𝜕𝑥𝑛
 >) + 𝜈 (<
𝜕2<𝑈𝑖>
𝜕𝑥𝑖𝜕𝑥𝑗
> + <𝑢𝑖
𝜕2𝑢𝑚
𝜕𝑥𝑗𝜕𝑥𝑗
>). 
 
(2.42) 
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To reduce and simplify the above equation we can introduce the turbulent kinetic energy 
K= 
1
2
< 𝑢𝑖𝑢𝑖 > as a measure of the turbulence intensity.  From the Reynolds stress transport 
equation, it can be found that:  
  
𝜕𝐾
𝜕𝑡
 + <𝑈𝑗> 
𝜕𝐾
𝜕𝑥𝑗
 = −< 𝑢𝑗𝑢𝑛 >
𝜕<𝑈𝑖>
𝜕𝑥𝑗
 - 
1
𝜌
 
𝜕<𝑢𝑗𝑃>
𝜕𝑥𝑖
 - 
1
2
𝜕<𝑢𝑗𝑢𝑖𝑢𝑖>
𝜕𝑥𝑗
+  𝜈
𝜕2𝐾
𝜕𝑥𝑖𝜕𝑥𝑗
 + 
𝜈
𝜕2<𝑢𝑖𝑢𝑗>
𝜕𝑥𝑖𝜕𝑥𝑗
 - 
1
2
 
𝜕2<𝑢𝑖𝑢𝑗>
𝜕𝑥𝑖𝜕𝑥𝑗
 - 
1
2
𝜈 < (
𝛿𝑢𝑖
𝛿𝑥𝑗
+
𝛿𝑢𝑗
𝛿𝑥𝑖
) (
𝛿𝑢𝑖
𝛿𝑥𝑗
−
𝛿𝑢𝑗
𝛿𝑥𝑖
) > 
 
(2.43) 
 
where the physical concept of each term on the right-hand side of the above equation is 
defined as follows:  
−< 𝑢𝑗𝑢𝑛 >
𝜕<𝑈𝑖>
𝜕𝑥𝑗
 describes rate of turbulent kinetic energy production  
- 
1
𝜌
 
𝜕<𝑢𝑗𝑃>
𝜕𝑥𝑖
 describes rate of work is done due to the pressure fluctuations 
- 
1
2
𝜕<𝑢𝑗𝑢𝑖𝑢𝑖>
𝜕𝑥𝑗
 describes the turbulent diffusion of kinetic energy  
𝜈
𝜕2𝐾
𝜕𝑥𝑖𝜕𝑥𝑗
 and 𝜈
𝜕2𝐾
𝜕𝑥𝑖𝜕𝑥𝑗
 describes viscous diffusion of kinetic energy 
1
2
𝜈 < (
𝛿𝑢𝑖
𝛿𝑥𝑗
+
𝛿𝑢𝑗
𝛿𝑥𝑖
) (
𝛿𝑢𝑖
𝛿𝑥𝑗
−
𝛿𝑢𝑗
𝛿𝑥𝑖
) > describes the turbulent kinetic energy dissipation rate. 
 
Isotopic turbulence is turbulence that has statistics independent of coordinate system 
rotation which, for the Reynolds stress tensor means that 
 <𝑢1
2>=<𝑢2
2>=<𝑢3
2> (2.44) 
 
with the Reynolds shear stress terms being zero. Homogenous turbulence is independent 
of spatial translation. So, the turbulent kinetic energy equation for isotopic and 
homogenous turbulent flow reduces to 
[16] 
 
  
𝑑𝐾
𝑑𝑡
 = -𝜀 
 
(2.45) 
where  is the turbulent kinetic energy dissipation rate.  This equation shows that for 
homogeneous isotopic turbulence the time rate of change of kinetic energy depends only 
on its dissipation rate, and hence the turbulent kinetic energy will continually decay in time.  
Similar to equation (2.40) the RANS equation, we can rewrite the vorticity transport 
equation (2.4) after applying Reynolds decomposition to the vorticity vector. So, we have 
   
𝛺𝑖(𝑡) =< 𝛺𝑖 > +𝜔𝑖(𝑡)   
 
   (2.46) 
 
 
where, 𝜔𝑖 are the components of the vorticity fluctuation and < 𝛺𝑖 > is the average 
vorticity. So, by substituting equation (2.49) into the vorticity transport equation we will 
get  
 
𝜕<𝛺𝑖>
𝜕𝑡
 + <𝑈𝑗>
𝜕<𝛺𝑖>
𝜕𝑥𝑗
 = < 𝛺𝑗 > 
𝜕<𝑈𝑖>
𝜕𝑥𝑗
 + 𝜈 
𝜕2<𝛺𝑖>
𝜕𝑥𝑖𝜕𝑥𝑗
 - 
𝜕<𝑢𝑗𝜔𝑖>
𝜕𝑥𝑗
+
𝜕<𝑢𝑖𝜔𝑗>
𝜕𝑥𝑗
. 
 
(2.48) 
Similar to the turbulent kinetic energy, we can define < 𝜔𝑖𝜔𝑖 > as the turbulent enstrophy 
which measures the magnitude of the fluctuations in the vorticity vector. The transport 
equestion for turbulent enstropy is  
 
𝜕
1
2
<𝜔𝑖𝜔𝑖>
𝜕𝑡
 + <𝑈𝑗> 
𝜕
1
2
<𝜔𝑖𝜔𝑖>
𝜕𝑥𝑖
 = < 𝜔𝑖𝜔𝑗𝑆𝑖𝑗 > +< 𝜔𝑖𝜔𝑗 ><𝑆𝑖𝑗> + < 𝛺𝑗 ><
𝜔𝑖𝑆𝑖𝑗> - < 𝑢𝑖𝜔𝑗 >
𝜕<𝛺𝑖>
𝜕𝑥𝑗
 - 
1
2
  
𝜕<𝑢𝑗𝜔𝑖𝜔𝑖>
𝜕𝑥𝑗
 + 𝜈
𝜕2<𝜔𝑖𝜔𝑖>
𝜕𝑥𝑖𝜕𝑥𝑗
 - 𝜈 <
𝛿𝜔𝑖
𝛿𝑥𝑗
𝛿𝜔𝑖
𝛿𝑥𝑗
> 
 
(2.49) 
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where the physical concept of each term on the right-hand side of the above equation is 
defined as follows: 
𝜈 <
𝛿𝜔𝑖
𝛿𝑥𝑗
𝛿𝜔𝑖
𝛿𝑥𝑗
>  describes turbulent enstropy loss due to viscous dissipation 
𝜈
𝜕2<𝜔𝑖𝜔𝑖>
𝜕𝑥𝑖𝜕𝑥𝑗
 describes turbulent enstropy loss due to molecular dissipation  
< 𝛺𝑗 >< 𝜔𝑖𝑆𝑖𝑗> describes the turbulent enstropy production due to the combination of 
stretching and the average vorticity 
< 𝜔𝑖𝜔𝑗 ><𝑆𝑖𝑗> is the production of turbulent enstropy because of average strain  
1
2
  
𝜕<𝑢𝑗𝜔𝑖𝜔𝑖>
𝜕𝑥𝑗
 describes the turbulent enstrophy transport due to the turbulent fluctuations 
< 𝑢𝑖𝜔𝑗 >
𝜕<𝛺𝑖>
𝜕𝑥𝑗
 describes the production of turbulent enstropy due to the average vorticity 
gradient 
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Chapter 3: Literature Review 
 
The study of wing-tip vortices has been concentrated around different topic areas. In this 
chapter, the most important topics are reviewed, which include: 
o Roll-up of the wing-tip vortex 
o Velocity field and circulation for a formed vortex 
o Impact of turbulence on the vortex 
o Wandering of the vortex 
o Impact of turbulence on the vortex instability 
3.1 Roll-up of the wing-tip vortex: 
 
The wake shed by the wing and the corresponding shear layer roll up around the vortex in 
the downstream direction follows a spiral trajectory. The roll-up process finishes when 
turbulence and molecular diffusion completely merge the shear layer vorticity into the 
vortex [13]. The details of this process depend on wing geometry and flow condition, the 
most important factors for wing-tip vortex formation [17, 18]. These factors include wing-
tip shape (square, rounded, or etc.), aspect ratio, angle of attack, Reynolds number, and the 
turbulence within the boundary layer forming on the wing. M.H. Shon and J.W. Chang 
experimentally observed the wing-tip vortex formation at different angles of attack using 
smoke wire visualization to study the impacts of the different wing shape configuration on 
the vortex roll-up [19]. It was found that the sharp edges of the wing caused separation of 
shear layers and forms several small vortices. The main vortex results from the merger of 
these small vortices, with details of the number and size of these vortices depending on the 
wing planform [20, 21]. In a geometry similar to the present case, Bailey et al. observed 
that the main vortex is formed by three different small vortices [1]. Also, Giuni noted that 
the strength of vortices created by square tipped wings is higher than for other geometries. 
[19] 
 
In addition, the size of the created vortex by the square tip is smaller than that formed from 
the round wing-tip [18]. In addition, Katz and Galdo proposed the surface of the wing is 
an important character only for vortex strength, and the surface features of the wing doesn’t 
impact vortex size and trajectory [21]. Also, Ramaprian and Zheng found that when the 
distance is approximately two times greater than the wing chord length downstream, using 
the metric that vortex roll-up has been completed when the vortex core achieves 
axisymmetry [22]. However, Birch et al. introduced the metric for vortex roll-up that states 
the roll-up process has been completed when vortex core circulation becomes constant 
[20]. They found that the circulation of the vortex core did not change after approximately 
1.5 times the wing chord length downstream [20].    
Philips assumed the roll-up process is not complete when it’s possible to distinguish the 
vortex core and spiral wake [23]. Because turbulence introduced into the vortex core during 
the vortex formation process, the vortex core is frequently unsteady and turbulent within 
the early stages of vortex establishment [21]. However, Chow et al. found that the 
turbulence intensity or Reynolds stress will decrease within time and become more 
laminarized because of the solid body rotation within the vortex core being a linearly stable 
condition [24]. It has been observed that the roll-up process causes the trajectory of the 
vortex to approach the wing root and Davenport et al. observed that this inboard movement 
of the vortex at the wing tip has a decreasing rate within streamwise distance [25] with the 
inward motion of the vortex depending on the square root of the stream-wise distance [26]. 
Recent researchers, Ahmad- Baloutaki et al. [4] and Bailey et al. [1] found when shear 
layer rolls up from the wing-tip, the vortex has inboard and upward movement. However, 
Spalart, showed that the distortion of the vortex sheet trailing of the wing was caused by 
the uneven velocity of the vortex trajectory [3].   
 
 
 
 
 
[20] 
 
3.2 Velocity field and circulation for a formed vortex: 
 
As illustrated in Fig. 4 the tangential velocity of the vortex, 𝑈𝜃 , typically has increasing 
trend with radial distance, r, from the vortex axis.  The tangential velocity increases until 
it reaches the peak value, 𝑈𝑐 at r = rc.  At larger radial distances, the tangential velocity 
decreases with increasing radial distance. The region of 0< r < 𝑟𝑐 is called the viscous core 
of the vortex [1]. 
 
 
 
 
 
 
 
 
 
 
Figure 4: Sketch of tangential velocity decay 
 
Philips (1981) studied the wing-tip vortex formation and applied turbulence boundary layer 
theory to hypothesize that each vortex has three distinct self-similarity sections. Region 1 
has been dominated by viscosity and it consists of solid body swirling. Region 2 includes 
the maximum velocity, and viscosity doesn’t impact this region [23]. Hoffman and Joubert 
claimed that in this section the growth of circulation has a logarithmic relation with radial 
direction. In Region 3, viscous and turbulent diffusion merge the wake from a spiral around 
the vortex into an axisymmetric velocity profile [27]. Later  experiments of Bailey et al. 
[1] and Ramaprian and Zheng [22] confirmed that Region 1 and Region 2 are self-similar 
[21] 
 
with Region 3 depending on the initial conditions. These experiments also found that the 
self-similarity of Regions 1 and 2 is not affected by the presence of external turbulence. 
Philips also noted the corresponding self-similarity of the vortex circulation in Regions 1 
and 2  [23] and used it to produce an analytical form for the radial profile of circulation. In 
Region 1, there is a quadratic relation between circulation and radius with a logarithmic 
relation occurring in Region 2. Ghimire and Bailey [2], Birch et al. [26], Ahmadi Baloutaki 
[4], and Ramaprian and Zheng [22] all confirmed the self-similarity of circulation in these 
regions. The axial vorticity of the vortex has an inverse relation with vortex radius [26] 
with Takahashi and Miyazaki predicting that the vorticity profile takes a Gaussian 
distribution. It has been observed that the presence of turbulence does not have an impact 
on the form of the distribution, although it impacts the distribution’s breadth and amplitude 
[28]. 
Davenport et al. found that during the vortex formation there is an indirect relationship 
between rotational velocity and pressure within the vortex core. The fluid in the core would 
be accelerated by the pressure gradient towards the axis, producing a “jet-like” behavior 
due to excessive axial velocity [29]. Batchelor et al. observed that the both jet-like and 
“wake-like” vortex behavior with the type of behavior affected by the equilibrium between 
momentum dissipation and circulation [30]. Minimum values for the axial velocity with 
the wake-like profile have been found to be as low as 78% of free-stream velocity [22] 
with maximum values with the jet-like profile being approximately 177% of free-stream 
velocity [24, 31]. Also, it has been established that other factors such as wing-tip shape 
[32] and angle of attack [26] have an effect on the axial velocity formation. For instance, 
Bailey et al.  showed that the external turbulence impacts the axial velocity and produces 
a wake-like behavior under conditions where no external turbulence, axial velocity would 
produce annular behavior [1]. Also, Anderson and Lawton expressed that jet-like behavior 
is caused by the rounded tip of the wing and a large angle of attack due to higher 
concentration of vorticity. In contrast, a squared wing tip and the lower angle of attack 
result in wake-like behavior due to a more diffuse vorticity distribution [32]. Dacles-
Mariani et al. observed that downstream of the wing, an annular profile could convert to 
wake-like behavior as the vorticity diffuses [31]. 
[22] 
 
3.3 Impact of Turbulence on the Vortex: 
  
Free-stream, or external, turbulence will impact the wing-tip vortex through several 
mechanisms. It has been well established that free-stream turbulence increases the rate of 
decay of vortex [2] with both turbulence intensity and the length scale both playing 
important roles [33, 34]. Spalart proposed 2 possible modes for the decay of wing-tip 
vortices in the presence of turbulence: gradual decay and stochastic collapse [3]. Complete 
destruction, or stochastic collapse, of the vortex through a “bursting” process occurs when 
the intensity of turbulence is high, causing the vortex to instantaneously break down [33-
35]. Heyes et al. measured the interaction between free-stream turbulence and a wing-tip 
vortex and found a large impact of turbulence on the maximum value of circumferential 
velocity. They found that, there is an inverse relation between turbulence intensity and the 
maximum value of circumferential velocity and that the turbulence impacts the vortex 
formation process [9]. Sarpkaya and Daly showed that the integral length scale of the free-
stream turbulence doesn’t impact the rate of vortex decay [34]. Bandopaghaya et al. studied 
a vortex interaction with turbulence observed the presence of “vortex stripping” which they 
defined as a momentum exchange between the turbulence and core fluid which, when 
sufficient core fluid has been removed from the vortex, can lead to vortex breakdown [36]. 
It has been well established that when there is external turbulence the peak value of 
tangential velocity, 𝑈𝑐, becomes lower. Heyes and Jones found that the external turbulence 
doesn’t have any effect on the rate of decay of the core radius, 𝑟𝑐, and the peak tangential 
velocity, 𝑈𝑐 [9] , a result later confirmed by Bailey and Tavoularis [5]. Direct Numeric 
Simulation (DNS) studies have been invaluable for investigating the interaction between 
turbulence and a vortex. Melander and Hussain found that with low free-stream turbulence 
intensity, the magnitude of the azimuthal vorticity near the vortex amplifies due to the 
stretching of turbulent eddies by the vortex [37].  
Melander and Hussain also found that when the free-stream turbulence intensity is higher 
the primary vortex structure is broken down due to the influence of strong turbulence rather 
than the secondary vortex structures. However, with intermediate free-steam turbulence 
intensity, the secondary vortex structures reach an equilibrium state and introduce bending 
waves in the large-scale vortex [37]. Holzapfel et al. used Large Eddy Simulation (LES) to 
[23] 
 
find a correlation between secondary vortex structure formation and the primary vortex 
decay within homogenous and isotropic turbulence. They found that rotational energy 
transfers from the primary vortex to the secondary vortex structures when the secondary 
structures form [38]. Other researchers, including Marshall and Beninati [39] and 
Takahashi [28] found that the Kelvin waves are produced by these external velocity 
disturbances when the strength of external turbulence is weaker than the strength of 
primary vortex. In addition, Sreedhar and Ragab predicted that the stochastic disturbance 
of vortex causes Rayleigh-Taylor instability resulting in the secondary vortex formation 
[40]. Later, Takahashi et al.  [28] used DNS technic to investigate the reactions between 
homogeneous and isotropic free-stream turbulence and Lamb-Oseen vortex. They saw the 
formation of the secondary vortex and the impact of that on the primary vortex. They found 
that the length scale of the secondary vortices was on the order of the core radius, almost 
2 times greater than the primary core radius. Also, Takahashi et al. and Holzapfel et al. 
both found that the free-stream turbulence increases the rate of decay of vorticity and the 
rate of energy dissipation due to the presence of the secondary vortices [31, 37]. Recently, 
Ghimire and Bailey experimentally examined the impact of external free-stream turbulence 
on the wing-tip vortex evolution. They observed the turbulence increased the rate of decay 
of the tangential velocity component although the radial diffusion of the vortex core is 
unaffected by the presence of external turbulence [2] Thus, turbulence decreases the vortex 
circulation, in violation of Kelvin’s theorem.  They attributed this discrepancy to organized 
three-dimensional redistribution of the vorticity by the secondary coherent structures that 
form around the vortex, confirming that the vortex circulation decay is a random process 
which is described through vortex stripping [41]. 
 
 
 
 
 
[24] 
 
3.4 Wandering of the Vortex: 
 
Vortex wandering is a feature of vortices and it is defined as a vortex deformation or motion 
of vortex axis in time. Hence, a random motion of vortex about its mean trajectory. Chigier 
and Corsiglia examined vortex wandering in a wind tunnel and they found that the 
wandering impacts the measured statistics of the vortex [42]. Crow and Bate predicted that 
if pairs of wing-tip vortices (such as might occur behind aircraft) can be directly dissipated 
when the amplitude of vortex wandering is greater than vortex spacing, causing them to 
merge. In order to predict the vortex pair dissipation, it is therefore important to understand 
the vortex wandering within turbulent surroundings [43]. Devenport et al. studied wing-tip 
vortex wandering in a wind tunnel and established a direct relation between the wandering 
amplitude and the angle of attack, and an indirect relation between the vortex wandering 
amplitude and the downstream distance. Also, they proposed a correction for the effect of 
vortex wandering on single point measurements, which indirectly allowed the estimation 
of the vortex wandering magnitude [29]. They assumed that the vortex wandering follows 
a Gaussian probability distribution [5, 10, 29, 35, 44] with external turbulence increasing 
the standard deviation of this distribution, referred to as the wandering amplitude [43-46]. 
Besides external turbulence, vortex wandering can be introduced by wind tunnel boundary 
layer turbulence [10, 44, 47, 48] and other factors such as co-operative instabilities and 
vortex generator vibration [49]. 
Kelvin-Helmholtz vortices produced by the shear layer shed by the wing have also been 
proposed to introduce wandering in the primary vortex through Bio-Savart interactions 
[50]. Alternatively, additional vortices in the flow introduced by the vortex generator (e.g. 
flap or tail vortices) produce a multi-vortex wake which can introduce vortex motion 
through cooperative instabilities and DNS investigations have found that the boundary 
condition plays has an important role in the presence and behavior of vortex wandering 
[49, 51]. Giuni and Green introduced wing-tip shape as another factor which impacts  
vortex wandering [18]. Most of the existing investigations have characterized the vortex 
wandering through its wandering amplitude, with few resolving its wavelength or 
frequency characteristics. However, Del Pino et al. found that the vortex wandering 
frequency was an order of magnitude larger than the core radius [52], but other studies 
[25] 
 
suggest that there is no clear wavelength of wandering, with the frequency or wavelength 
is unpredictable [39, 53]. This lack of understanding is largely due difficulty in being able 
to trace the vortex axis motion in time while simultaneously measuring the velocity field 
of the vortex as well [10]. 
 
3.5 Interaction between Turbulence and Vortex Stability: 
 
It has been well established that when the vorticity diffuses from the vortex core, vortex 
decay happens, and the external turbulence increases the rate of vortex decay [29]. Spalart 
discussed the diverse ways turbulence can introduced into the vortex: through production 
by the velocity gradient in the streamwise and radial direction, through turbulent boundary 
layers shed from the vortex generator and resulting wake, and through external free-stream 
turbulence. He noted that the turbulence from these four sources have vastly different 
scales, so there is often no interaction between these turbulence eddies [3]. Marshall and 
Beninati introduced vortex instability as an additional source of turbulence in the vortex 
core. Such instabilities can be introduced through an inflection in the circulation profile 
[54]. Bradshaw stated that bending waves in the vortex can introduce radial motion and  
turbulence decay in the vortex core [55]. Singh and Uberoi observed that the slow decay 
of turbulence in the core is due to a stable condition introduced by the streamwise core 
velocity gradient [56]. Philips and Graham had the same finding for a both wake-like or 
jet-like conditions of the axial velocity [57]. However, Ragab and Sreedhar stated one of 
the sources of instability within the vortex is the deficit of axial velocity [58]. Using LES, 
they saw that the vorticity gradient decreased without major changes in tangential velocity 
gradient, with the vortex core becoming laminar due to the formation of large-scale helical 
vorticity sheets but also producing an increase in perturbations outside the vortex core.  
Early studies by Batchelor researched the impact of axial velocity on the vortex stability. 
He used a Batchelor, or q-vortex, to analytically study the vortex stability. This vortex 
relates, q, the ratio of the maximum value of tangential velocity to the maximum value of 
axial velocity deficit through the swirl number, which characterizes the vortex stability 
[30]. Batchelor proposed three stages of instability based on Mayer and Powell [59] and 
[26] 
 
Lessen et al. [60].   The most unstable mode is inviscid stability, which happens when q is 
lower than 1.5 and greater than 0.98. Fabre et al. found that small scale turbulence is 
generated by these instabilities, but this turbulence is later stabilized by the vortex rotation, 
leading to a rapid decay of the turbulence [61]. The second stage of instability is that of 
viscous instabilities. They occur at similar swirl number as inviscid instabilities. However, 
with an order of magnitude smaller rate of growth when compared to the inviscid 
instabilities [59, 61-63]. Fabre and Jacquin found the third stage of instability occurs when 
the Reynolds number is large and swirl number is high [64]. This stage is referred to as the 
viscous center stage instability because of its focus at the center of the vortex [64, 65] and 
impact only on the region around the axis of the vortex [64]. Marshall and Beninati showed 
that for a q-vortex diffusion by turbulence produced within the core of the vortex will 
reduce the axial velocity gradient, and return the vortex to a stable condition [54, 58]. 
Additional non-linear and linear transient growth instabilities have been found which 
contribute to vortex decay [66-68]. Transient growth instabilities would produce a higher 
order of magnitude of energy increase because due to disturbance of the q-vortex [69] or 
Lamb-Oseen vortex [66-68]. Additional instabilities form in the vortex core when 
𝛤2 decreases with increasing r, in other words d 2/dr < 0, which is referred to as a 
circulation overshoot, with the core of vortex stable to axis-symmetric instabilities when it 
satisfies the Rayleigh condition of d 2/dr >0 [13]. 
Govindaraju and Saffman observed that when vortex core radius increases with higher rate 
than laminar vortex, it produces a circulation overshoot and corresponding instability 
within the vortex [70]. If an external strain field deforms a vortex it becomes sensitive to 
the elliptical instability [71] when the circular cross-section of vortex converts to the 
elliptical shape [72]. For a vortex with no axial flow, an elliptical instability produces a 
resonant condition through coupling of a pair of axisymmetric neutral Kelvin waves in the 
strain field [71]. 
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Chapter 4: Experiment Description 
 
The experiments conducted for this work is an extension of experiments conducted by 
Ghimire and Bailey [2] Hence, many of the experimental details are similar, and further 
information can be found in this earlier reference when not available here. 
The key components of this experiment were a tow tank, a vortex-generating wing with 
NACA0012 airfoil, two turbulence generating grids, and a Particle Image Velocimetry 
(PIV) system for measuring fluid velocity. Fig. 5 presents the geometry of the experiment, 
showing the grid, wing, and the distances between them and the different coordinate 
systems used.  A more detailed configuration sketch is presented later as Fig. 9. 
  
Figure 5: Coordinate systems and distances 
The experiment generally consisted of a wing with chord length, C, and turbulence 
generating grid with mesh size, M, being towed in the streamwise direction at a velocity, 
Ut.  The wing-tip vortex generated by the wing was then measured at a fixed point in the 
towing tank, corresponding to Z = Ut t, using the PIV system aligned orthogonally with the 
vortex axis.  The wing was set to different angles of attack, , and the velocity field of the 
 vortex measured under different free-stream conditions, obtained by altering the grid used. 
[28] 
 
n this study, the X, Y, and Z coordinate system is fixed to the tip of the wing and aligned 
with Z away from the direction of lift, Y toward the wing root, and X downstream of the 
wing. PIV was used in order to measure the 𝑈𝑦(𝑦, 𝑧, 𝑡) and 𝑈𝑧(𝑦, 𝑧, 𝑡) in the x-y laser sheet 
plane which was perpendicular to the Z direction and located at Z = Ut t, but with the origin 
of the x, y, z coordinate system located at the instantaneous center of the vortex in the PIV 
plane [2]. 
 
4.1 Towing Tank Description: 
 
All measurements in this study were conducted in a 3.96 m long tow tank manufactured 
from 2.54 cm thick polycarbonate and having a cross-section of 0.43 m x 0.38 m. Before 
conducting the experiment all the internal and external wall surfaces were washed and 
polished to improve the quality of PIV images.  
The tow tank was filled with water and had a carriage on top for mounting models to. To 
facilitate movement, the carriage was mounted to stainless steel rails on the tank through 
low-friction linear bearings.  The rails were lubricated to ensure the smoothest possible 
motion of the carriage and minimize any vibration caused by movement of the carriage on 
the rail. The carriage was towed by gear and belt which were connected to a brushless 
motor. The motor was a Parker Hannifin APEX 606 and based on the manufacturer 
specifications, nominal RPM and peak torque were 3600 and 13.8 N.m, respectively. The 
brushless motor was controlled via a Copley Control XML-230-36 motion controller 
powered by quad output DC made by Extech Instruments 382270 at 24 VDC. Feedback 
was sent from the motor to the controller by rotary incremental encoder (Teledyne Gurly 
8225-6000) with 48000 counts/rev. The desired RPM for the motor was set within the 
Copley controller software. Limit switches were installed near the end and beginning of 
the towing tank to prevent the towed models from impacting the tow tank’s end walls [2].  
 
 
 
[29] 
 
4.2 Wing: 
 
In order to generate the tip vortex, a finite span wing having a symmetric NACA0012 
airfoil, square tip and rectangular platform was mounted on the tow tank carriage.  The 
wing is shown in Fig. 6 and was designed and manufactured with a 3D printer at the 
University of Kentucky. The wing had 38cm span and chord length, C=10cm.  However, 
only 17cm of the wing was immersed in the water so that the tip of the wing was located 
in the middle of the tow tank to minimize wall effects. A circular angular graduation was 
placed on top of the wing to allow the angle of attack of the airfoil to be set at a known 
position. A 400 grid sandpaper trip was placed on the suction surface of the wing near the 
leading edge to transition the wing boundary layer to turbulence, thus minimizing any 
potential for leading-edge vortex separation [2]. 
 
 
  
Figure 6: Sketch of NACA0012 airfoil 
[30] 
 
4.3 Turbulence Grid: 
 
In order to produce homogenous, isotropic turbulence an aluminum grid was mounted on 
the towing tank carriage 36 cm upstream of the wing. Two different 0.43 m x 0.36 m grids 
were used to generate turbulence with different intensity and length scale, referred to as the 
small grid and large grid. The thickness for both grids was 0.63 mm and the mesh size for 
the small and large grids were M=25.4 mm and M=35.6 mm respectively, and the mesh 
size based on the Fig. 8 is defined. The solidity of both grids was 40 Brinell. A third case in 
this experiment, referred to as the no-grid case, coincides with measurement without either 
turbulence generating grid. Both the wing and grid was towed through the tank with the 
same speed of Ut=0.17 m/s (corresponding to a motor speed of 1000 rpm). Also, Fig. 7 
shows the sketch of whole grid.  
 
 
Figure 7: Sketch of grid showing size definition, M. 
 
It has been already well established that there is no production in homogeneous isotropic 
turbulence, and the homogeneous turbulence decays with time [7]. Also, it has been shown 
that properly designed grids placed in wind tunnels can produce homogenous isotropic 
turbulence that decays with distance from grid, and that the grids used in the present study 
produce such turbulence [2, 5]. These prior studies determined the turbulence properties 
[31] 
 
produced by the grids used in the present study. The grids were found to follow a decay 
turbulent kinetic energy according to the power law 
 𝐾
𝑈𝑡
2= A (
𝑋+𝑋0
𝑀
) −𝑛 
 
(4.1) 
where, X is the streamwise distance from the trailing edge of the wing and 𝑋0 is the distance 
from the trailing edge to the grid, here 0.42 m. A and n are power law coefficients 
determined to be 0.035 and 1.152, respectively. As homogeneous isotropic turbulence 
decays following 
 𝑑𝐾
𝑑𝑡 
 = 𝜀 
 
(4.2) 
the turbulence dissipation rate can also be found from equation (5.1) as 
  𝜀 = −𝑛𝐴(
𝑋+𝑋0
𝑀
) −𝑛−1. (4.3) 
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Figure 8: Sketch of aluminum grid
 
[33] 
 
4.4 Particle Image Velocimetry (PIV): 
 
PIV is a fluid flow measurement technique based on measuring the displacement of small 
tracer particles over a short period of time.  In this research, glass spheres were used as a 
tracer particle as their density was close to the density of water. The displacement of 
particles in two sequential images, in a plane illuminated using a laser light sheet, 
was recorded by a Charged Couple Device (CCD) camera. Each image pair is subdivided 
into smaller regions referred to as interrogation regions.  By cross-correlating the 
corresponding interrogation regions across image pairs, the average particle displacement 
within the interrogation region can be determined for that image pair.  By knowing the time 
between acquisition of the first and second images in the pair the average velocity in each 
interrogation regions can be determined. 
4.5 2D Particle Image Velocimetry and Equipment: 
  
Here, two-component PIV was used to measure the 𝑈𝑦(y,z,t) and 𝑈𝑧(y,z,t) velocity 
components in a plane located 2.6 m from end of the tow tank.  The plane was illuminated 
by a pulsed Nd-YAG laser whose beam was transformed to a sheet using a 45-degree 
Powell lens. Other equipments in this experiment were: CCD digital camera, timing control 
box, pulse/delay generator, Nd-YAG laser light source, and the frame grabber [2]. The 
arrangement of these components is illustrated in Fig. 9.  
The CCD digital camera was installed according to Fig. 9, perpendicular to the produced 
laser sheet plane. Images pairs were imported into a PC computer for post-processing. 
The timing box controlled the timing between laser pulses and the camera. The additional 
pulse/delay generator was found to be needed to isolate noisy trigger signals generated 
from the timing box.  Most of the equipment for this experiment were same as Ghimire 
and Bailey [2]. More details and description of each piece of PIV equipment follows. 
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Figure 9: Sketch of experiment configuration 
 
[35] 
 
 
4.5.1 CCD Camera: 
 
For this PIV configuration a CCD digital 12-bit Imperx LYNX: IPX-4M15-L 
camera was used. This camera had 2048x2048 pixel^2 resolution and 7.5-
micrometer pixel diameter. On the camera, a 105 mm Micro-Nikkor macro lens 
was installed with a f-stop of 2.8.  
4.5.2 Timing Control Box: 
 
The laser and camera triggering were controlled by a custom-built PIV timing 
controller, used to ensure accurate laser pulse separation and that the image pairs 
were acquired when the laser was fired. For each image pair, the delay between 
laser pulses was 6.0 ms with successive image pairs acquired at 7.5 Hz. 
4.5.3 Laser: 
 
 In this experiment, a New Wave Research, Inc.  Solo PIV Nd: YAG 50 mJ dual-
head laser was used. The dual-head nature of this laser allows generation of double-
pulsed 532nm wavelength laser firings with short time separation between pulses 
and 15 Hz maximum repetition rate between pulse pairs. The laser pulses were 
transformed into a laser sheet after passing through a 45-degree Powell lens.  The 
laser sheet thickness approximately was 5mm and it was thick enough to minimize 
particle loss from the measurement area between the laser pulses.  
4.5.4 Seeding Particles:  
 
In order to seed the water in the tow tank for PIV imaging, spherical hollow glass 
spheres (440345-500G and Lot#: MKBC8823V) were mixed into the water. Based 
on the product specification these particles have an average diameter of 9-13 𝜇𝑚. 
Their density in room temperature (25 𝐶𝑜) was around 1.1 g/mL, close to the 
density of water.  The seed particles were mixed into the tank with the quantity of 
particles required to achieve good quality PIV images determined via trial and error. 
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4.6 Data Processing and Uncertainty Estimates: 
 
In this experiment, the wing and carriage velocity was 0.17 m/s and it took almost 14 s to 
reach the end stop from laser sheet measurement plane. This meant that all images were 
acquired before the carriage began decelerating, minimizing any potential for end effects 
to propagate through the measurement plane.  
To follow the experiment of Ghimire and Bailey [2], Bailey and Tavoularis [5], Devenport 
et al. [29], Baker and Saffman [45] and  Beresh et al. [44] and ensure that averaged vortex 
properties were not affected by vortex wandering in the laser sheet plane, the origin of 
coordinate system was aligned with the vortex axes for each single PIV frame. In order to 
recognize the center of the vortex, we followed the Takahashi’s theory which stated that 
the axial vorticity has a bi-normal Gaussian distribution such that 
 𝛺𝑧(𝑦, 𝑧, 𝑡)= 
𝜕𝑈𝑦(𝑦,𝑧,𝑡)
𝜕𝑦
 - 
𝜕𝑈𝑧(𝑦,𝑧,𝑡)
𝜕𝑧
 
 
(4.4) 
and 
 
𝛺𝑧(𝑦, 𝑧, 𝑡)= B 𝑒
−(
(𝑦−𝜇𝑦)
2
2𝜎𝑦
2 − 
(𝑧−𝜇𝑧)
2
2𝜎𝑧
2 )
 
 
(4.5) 
where, 𝜇𝑦  and 𝜇𝑧 are the center of the vortex, 𝜎𝑦 and 𝜎𝑧 are standard deviations representing 
the size of the vorticity distribution corresponding to the vortex, B is the amplitude of axial 
vorticity. The center of the vortex at each instance in time was found for each PIV plane 
by regression fit of this assumed vorticity distribution to the vorticity field determined for 
each PIV velocity vector field.  The Cartesian coordinate system was then translated such 
that its origin was at (𝜇𝑦 , 𝜇𝑧), before conversion to cylindrical coordinates. 
Vortex wandering introduces bending in the vortex, which at any instant time results in the 
misalignment between the axis of the vortex and the normal direction of the laser sheet 
(measurement plane). Bailey et al. noted that this misalignment could cause an apparent 
growth of the vortex core size, apparent decrease in magnitude of vortex tangential 
velocity, and introduces non-axisymmetric appearance of the velocity field [5]. However, 
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Ghimire and Bailey found by analysis of mean trajectory through the measurement plane 
that the deviation of vortex mean trajectory from the normal vector of the measurement 
plane was only ±2𝑜 . Hence, the impact of vortex wandering on mean trajectory deviation 
can be assumed to be negligible because of the long wavelength of motion [2]. 
 
4.7 Flow conditions: 
 
The measurement conditions, with each case consisting of a combination of free-stream 
turbulence condition and angle of attack, are outlined in Table 1. Note that after a certain 
period of time, the vortex could not be identifiable in the PIV measurement planes.  Thus, 
there is a maximum number of PIV planes in which the vortex was identifiable, and a 
corresponding maximum t for each case which is also provided in Table 1.  Furthermore, 
for the large-grid case with =2o the vortex was weak enough that, relative to the free-
stream turbulence, it could not be identified reliably in individual PIV planes and thus this 
case is not included.    
For each experiment condition (cases), PIV measurements were conducted ten times (runs).  
For each run, the PIV velocity fields measured before the wing completely passed through 
the laser light sheet were discarded, so that t=0 at the trailing edge of the wing.  The runs 
were then ensemble-averaged by averaging the 10 PIV velocity fields measured at each 
instance in time, separated by the PIV measurement rate of 7.5 Hz (0.133 s).  Ensemble-
averaged values are indicated with < >.  
 
 
 
 
 
 
 
 
 
 
[38] 
 
Table 1: Experimental conditions 
Turbulence Grid  Rec = U∞C/ Re =  < 𝛤𝑐 >
∗/ PIV 
panes 
Max. t (s)  Max.  Utt/c  
No grid 8o 16100 2688.7 189 25.2 42.84 
No grid 5o 16100 2000 182 24.27 41.26 
No grid 2o 16100 726.45 186 24.8 42.16 
Small grid 8o 16100 2871.41 99 13.19 22.42 
Small grid 5o 16100 1830.2 99 13.19 22.42 
Small grid 2o 16100 1312.27 99 13.19 22.42 
Large grid 8o 16100 2306.6 72 9.6 16.32 
Large grid 5o 16100 1819.32 67 8.9 15.13 
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Chapter 5: Results and Discussion  
 
5.1 X-Component of Vortex Axis Motion: 
 
Fig. 11 (a) to (h), shows the wandering of the vortex across all 10 runs in the X-component 
of vortex axis motion for the no-, small-, and large-grid cases at angle of attack α = 8o, 5o,
and 2o. Due to the weak vortex and high turbulence intensity for the large-grid case at α =
2o, a vortex could not be identified and this case was not included in analysis.  The vortex 
position has been normalized by chord length, C, whereby X/C=Utt/C.   
Each color and symbol are dedicated to a specific run. Figure 10 shows that trajectories 
and the amplitude of their fluctuations were affected by turbulence intensity and vortex 
strength. Fig. 10 (a) to (h) indicates that there is a direct relationship between free-stream 
turbulence intensity and magnitude of the variation amongst the vortex trajectories. In 
contrast, there is an inverse relationship between the magnitude of deviation and angle of 
attacks. In other word, trajectories with lower vortex strength (or weaker vortices) and 
higher turbulence intensities wander more, and they are more susceptible to sudden 
collapse. As is shown in the Fig. 10 (a), (d) and (g), due to lack of external free-stream 
turbulence in the no-grid case, the trajectories are more coherent than the trajectories for 
the small- and large-grid cases. 
The rate of growth of disturbance accelerated after Utt/C = 20, Utt/C = 10 and Utt/C = 5 for 
the no-, small-, and large-grid cases, respectively.  
Fig. 10 (a) to (h), presents the random or stochastic movement of vortex core. Figure 11 
(a) to (h) shows the comparison of the X-component of the vortex axis trajectories for no-, 
small-, and large-grid  cases for angles of attack α = 8o, 5o, and 2o.  In Fig. 11 all the 
trajectories are normalized by the core radius (𝑟𝑐)  as a function of Utt/C. All X-trajectories 
in Fig. 12 (a) to (h) have similar trends to the X-trajectories in Fig. 11 (a) to (h).  
Similar to Fig. 10, Fig. 11 shows that the vortex trajectories have been impacted by 
turbulence intensity and vortex strength.  Trajectories with no free-stream turbulence show 
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less variation, but trajectories with higher turbulence intensity and lower angle of attack 
are more disordered and have more fluctuations.  
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Figure 10: Comparison of X-component of vortex axis trajectories for no-, small-, and large-grid  cases with angle of attack 𝛼 =
8𝑜 , 5𝑜, 𝑎𝑛𝑑 2𝑜  and normalized by chord length (C). (a) no-grid 𝛼 = 8𝑜, (b) small-grid 𝛼 = 8𝑜, (c) large-gr id 𝛼 = 8𝑜, (d) no-grid 𝛼 = 5𝑜 , (e) 
small-grid 𝛼 = 5𝑜 , (f) large-grid 𝛼 = 5𝑜, (g) no-grid 𝛼 = 2𝑜, (h) small-grid 𝛼 = 2𝑜. 
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Figure 11:  Comparison of X-component of vortex axis trajectories for no-, small-, and large-grid  cases with angle of attack α = 8o, 5o, and 2o 
and normalized by vortex core radius (rc). (a) no-grid α = 8
o, (b) small-grid α = 8o, (c) large-grid α = 8o, (d) no-grid α = 5o, (e) small-grid α =
5o, (f) large-grid α = 5o, (g) no-grid α = 2o, (h) small-grid α = 2o. 
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5.2 Y-Component of Vortex Axis Motion: 
 
Similar to Fig. 11, the Y-component of the vortex axis are shown in Fig. 12 (a) to (h) for 
all ten runs of the no-grid, small, and large-grid cases for each angle of attack 𝛼 =
8𝑜 , 5𝑜 , and 2𝑜 . In this figure, the Y-component of the vortex core trajectories are 
normalized by chord length (C) as a function Utt/C. 
As with the X component of these trajectories, Fig 12 (a) to (h) shows that the turbulence 
intensity and strength of vortex have affected the amplitude of the vortex wandering. Also, 
similar to the X-component trajectories, Fig. 12 (a) to (h) shows that there is a direct 
relationship between free-stream turbulence intensity and magnitude of fluctuations. 
However, the angle of attack and magnitude of fluctuations have an inverse relationship. 
Similar to Figs. 10 and 12 (a) to (h), the Y-components of vortex axis motion shown in the 
Fig.12 (a) to (h) are more variable with higher turbulence intensity and lower angle of 
attack. This is more significant for the no-, small-, and large-grid cases after Utt/C = 20, 
Utt/C = 10 and Utt/C = 5, respectively.  In addition, Fig. 12 (a) to (h) shows the random or 
stochastic movement of the Y-component of vortex trajectories is roughly the same as the 
X-component. Also, in Fig. 13 (a) to (h) the Y-component of the vortex axis trajectories are 
normalized by the core radius (𝑟𝑐)  as a function of Utt/C.  The random movement of the 
trajectories is obvious for the no-, small-, and large-grid cases with the different angle of 
attack too.  Therefore, weaker vortices (vortices with the lower angle of attack) within the 
higher turbulence intensity have more disturbance. 
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Figure 12: Comparison of Y-component of vortex axis trajectories for no-, small-, and large-grid  cases with angle of attack 𝛼 = 8𝑜, 5𝑜 , 𝑎𝑛𝑑 2𝑜  
and normalized by chord length (𝐶). (a) no-grid 𝛼 = 8𝑜 , (b) small-grid 𝛼 = 8𝑜 , (c) large-grid 𝛼 = 8𝑜, (d) no-grid 𝛼 = 5𝑜 , (e) small-grid 𝛼 = 5𝑜, 
(f) large-grid 𝛼 = 5𝑜, (g) no-grid 𝛼 = 2𝑜 , (h) small-grid 𝛼 = 2𝑜 . 
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Figure 13: Comparison of Y-component of vortex axis trajectories for no-, small-, and large-grid  cases with angle of attack 𝛼 = 8𝑜 , 5𝑜 , 𝑎𝑛𝑑 2𝑜  
and normalized by vortex core radius (𝑟𝑐). (a) no-grid 𝛼 = 8
𝑜, (b) small-grid 𝛼 = 8𝑜 ,  (c) large-grid 𝛼 = 8𝑜 , (d) no-grid 𝛼 = 5𝑜, (e) small-grid 
𝛼 = 5𝑜, (f) large-grid 𝛼 = 5𝑜 , (g) no-grid 𝛼 = 2𝑜, (h) small-grid 𝛼 = 2𝑜 .
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5.3 Mean and Standard Deviation of X- and Y-Components of Vortex Axis 
Trajectories: 
 
In order to assess the magnitude of the vortex wandering introduced by external free-stream 
turbulence, the unsteady deviation of vortices has been characterized statistically for each 
case. Figs. 14 and 15 (a) to (h) show the mean trajectories and boundaries indicating ±2 
times the standard deviation for the X- and Y-components of the vortex axis trajectory, 
respectively. In both figures, mean and standard deviation have been non-dimensionalized 
based on chord length (C) as a function of Utt/C.  It has been well established that external 
turbulence introduces vortex instabilities and potentially destruction of the vortex. This is 
reflected in Figs. 14 and 15 which show that increasing the surrounding turbulence leads 
to an increase in wandering amplitude. 
In addition, Fig. 14 and Fig. 15 show that the vortex wandering amplitude depends on the 
vortex strength. Similar to what Devenport et al. [29] found in their wind tunnel studies, 
both Figs. 14 and Fig. 15 (a) to (h) illustrate that the vortex wandering amplitude decreases 
with the growth of vortex strength. In other words, they present that the weaker vortex has 
larger wandering amplitude rather than the stronger vortex. For an instance, for the small-
grid case shown in Figs. 14 and 15 (b), (e), and (h) it is apparent that when the vortex 
becomes weaker, the vortex wandering amplitude increased.  
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Figure 14: Mean and standard deviation comparison of X-component of vortex axis trajectories for no-, small-, and large-grid  cases with the angle 
of attack 𝛼 = 8𝑜 , 5𝑜, 𝑎𝑛𝑑 2𝑜  and normalized by vortex chord length (𝐶). (a) no-grid 𝛼 = 8𝑜 , (b) small-grid 𝛼 = 8𝑜 , (c) large-grid 𝛼 = 8𝑜, (d) no-
grid 𝛼 = 5𝑜, (e) small-grid 𝛼 = 5𝑜 , (f) large-grid 𝛼 = 5𝑜, (g) no-grid 𝛼 = 2𝑜 , (h) small-grid 𝛼 = 2𝑜. 
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Figure 15: Mean and standard deviation comparison of Y-component of vortex axis trajectories for no-, small-, and large-grid  cases with the angle 
of attack α = 8o, 5o, and 2o and normalized by vortex chord length (𝐶). (a) no-grid 𝛼 = 8𝑜, (b) small-grid α = 8o, (c) large-grid 𝛼 = 8𝑜, (d) no-
grid 𝛼 = 5𝑜, (e) small-grid 𝛼 = 5𝑜 , (f) large-grid 𝛼 = 5𝑜, (g) no-grid 𝛼 = 2𝑜 , (h) small-grid 𝛼 = 2𝑜. 
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5.4 The Tangential Velocity of the Vortex:  
 
In this research, <𝑈𝜃(𝑟, 𝑡)> is defined as an ensemble average of tangential velocity 
where r has been calculated based on the location of the center of the vortex in each PIV 
frame. In order to transfer the Cartesian coordinate system to cylindrical coordinate 
system, the following relation between 𝑈𝜃 , 𝑈𝑥 , and 𝑈𝑦  was used 
 <𝑈𝜃(𝑦, 𝑧, 𝑡)>= <𝑈𝑦(𝑦, 𝑧, 𝑡)>𝑐𝑜𝑠 𝜃+ < 𝑈𝑧(𝑦, 𝑧, 𝑡) > 𝑠𝑖𝑛 𝜃  (5.1) 
 
 
with 𝜃 found from 
 𝜃 = tan−1(
𝑦
𝑥
) (5.2) 
and radius is calculated using 
 r=√(𝑥2 + 𝑦2) . 
 
(5.3) 
To calculate the radial average of the tangential velocity component, <𝑈𝜃(𝑟, 𝑡)>, 120 
radially-spaced bins were used and for each bin, the average value of <𝑈𝜃(𝑥, 𝑦, 𝑡)> within 
each bin was calculated. The radial separation used to define each bin was 1 mm. 
For the first frame when the vortex was rolling up and the last frame before the vortex 
started breaking down, the radial profiles of tangential velocity for the no-, small-, and 
large-grid  with the angle of attack 𝛼 = 8𝑜 , 5𝑜 , and 2𝑜  are shown in Fig. 16 (a) to (h). In 
this figure the tangential velocity is normalized by vortex core velocity of the first frame, 
< 𝑈𝑐 >
∗, for each case, and shown as a function of r/C.  
The comparison of ensemble-averaged tangential velocity evolution for all cases shown in  
Fig. 16 (a) to (h) confirms that the tangential velocity reached its peak, < 𝑈𝑐 >, at 
r=< 𝑟𝑐 >, and then the tangential velocity decreased gradually when r is greater than        
<𝑟𝑐 >.  The vortex core is defined by the bounds of 0 < r < 𝑟𝑐. All cases show that the 
vortex decays, in the form of a decrease in Uc velocity and increase of rc over time. Hence, 
the vortex decay can be characterized by the relative differences in the evolution of these 
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two parameters.  Interestingly, Fig. 16 (a) to (h) shows that the vortex decay is confined to 
the core of the vortex, with the tangential velocity at large r being relatively constant in 
time for all cases.  This is inconsistent with the concept of viscous vortex diffusion. 
The initial value of <Uc> referred to as < 𝑈𝑐 >
∗ for each case is shown in Table 2.  Table 
2 indicates that there is little impact of external turbulence has impacted on the vortex 
formation and roll up. Furthermore, Table 2 also demonstrates that the vortex strength is 
inversely dependent on the angle of attack. 
 
Table 2: The value of <𝑈𝑐>* during the vortex roll up (first frame) 
 No-grid Small-grid Large-grid 
𝛼 = 8𝑜 0.36 𝑈𝑡 0.36 𝑈𝑡 0.36 𝑈𝑡 
𝛼 = 5𝑜 0.24 𝑈𝑡 0.28 𝑈𝑡 0.22 𝑈𝑡 
𝛼 = 2𝑜 0.12 𝑈𝑡 0.15 𝑈𝑡  
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Figure 16:  First and the last frame of vortex tangential velocity for no-, small-, and large-grid  cases with angle of attack α = 8o, 5o, and 2o and 
normalized by vortex core velocity of the first frame. (a) no-grid α = 8o, (b) small-grid α = 8o, (c) large-grid α = 8o, (d) no-grid α = 5o, (e) 
small-grid α = 5o, (f) large-grid α = 5o, (g) no-grid α = 2o, (h) small-grid α = 2o. 
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5.5 Vortex Core Radius:  
 
In order to have a better understanding of the decay of vortex, the vortex core evaluation 
is shown in Fig. 17 (a) to (h) which presents the ensemble average of the vortex core radius 
for the no-, small-, and large-grid cases with the angle of attacks 𝛼 = 8𝑜 , 5𝑜 , and 2𝑜. In 
this plot, < 𝑟𝑐 > is normalized by the initial value of ensemble average of vortex core 
radius, < 𝑟𝑐
∗ >, and shown as a function of Utt/C for each case. The impact of external free-
stream turbulence on the core radius has been studied by Ghimire and Bailey [2], and 
Bailey and Tavoularis [1] who stated that the rate of growth of < 𝑟𝑐 > did not change with 
the different turbulence intensity with distance from the wing. In contrast to Bailey and 
Tavoularis [1] and Ghimire and Bailey’s  experiment [2], Fig. 17 (a) to (h) shows that  
< 𝑟𝑐 > grows faster for the weaker vortex which occurs angle of attack 𝛼 = 2
𝑜 , 5𝑜 when 
there is no free-stream turbulence. In other words, the rate of growth of < 𝑟𝑐 > has been 
accelerated when the vortex is weaker. For instance, Fig. 18 (a) to (c) and (d) to (f) show 
that < 𝑟𝑐 > for the no-grid case has a higher rate of growth compared with small- and large-
grid cases when the angle of attack is constant. Fig. 18 (a) to (h) illustrates the vortex core 
radius evolution for the no-, small-, and large-grid cases in the different angle of attack 
𝛼 = 8𝑜 , 5𝑜 , and 2𝑜. As has been indicated in Fig 18 (a) to (h), < 𝑟𝑐 > is non-
dimensionalized by the chord length, C, and < 𝑟𝑐 > has a similar trend to Fig. 18 (a) to (h) 
but they have different scales due to how different normalization. Therefore, Fig. 19 is 
showing clearly and precisely the impact of external free-stream turbulence and the angle 
of attack on the core radius of the vortex. The external free-stream turbulence and angle of 
attack have the same impacts as discussed in Section 5.5.  To provide a better comparison 
between the cases, in addition to Figs. 17 and 18, Figs. 19 and Fig. 20 compare all cases 
on the same axes. Each symbol and color are dedicated to specific cases. In the Fig. 19 and 
Fig. 20, the core radii is normalized by chord length and initial value of ensemble average 
of core radii, respectively.  It is obvious that the core radius with the low turbulence 
intensity and lower angle of attack (weaker vortex) has a greater rate of growth. On the 
other hand, the rate of growth core radius has an indirect relation with turbulence intensity 
and the strength of the vortex. This fact has been presented in both Figs. 19 and 20.  
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Figure 17: Vortex core radius for no-, small-, and large-grid  cases with the angle of attack 𝛼 = 8𝑜, 5𝑜 , 𝑎𝑛𝑑 2𝑜  and normalized by the initial value 
of ensemble average of vortex core radius, <𝑟𝑐
∗ >. (a) no grid 𝛼 = 8𝑜, (b) small-grid 𝛼 = 8𝑜, (c) large-grid 𝛼 = 8𝑜 , (d) no-grid 𝛼 = 5𝑜, (e) small-
grid 𝛼 = 5𝑜, (f) large-grid 𝛼 = 5𝑜 , (g) no-grid 𝛼 = 2𝑜, (h) small-grid 𝛼 = 2𝑜. 
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Figure 18: Vortex core radius for no-, small-, and large-grid  cases with angle of attack 𝛼 = 8𝑜 , 5𝑜 , 𝑎𝑛𝑑 2𝑜  and normalized by chord length, <𝐶 >. 
(a) no-grid 𝛼 = 8𝑜 , (b) small-grid 𝛼 = 8𝑜 , (c) large-grid 𝛼 = 8𝑜, (d) no-grid 𝛼 = 5𝑜 , (e) small-grid 𝛼 = 5𝑜, (f) large-grid 𝛼 = 5𝑜, (g) no-grid 𝛼 =
2𝑜 , (h) small-grid 𝛼 = 2𝑜. 
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Figure 19: Vortex core radius for no-, small-, and large-grid cases with the angle of attack 𝛼 = 8𝑜 , 5𝑜 , 𝑎𝑛𝑑 2𝑜  normalized by chord length, <𝐶 >. 
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Figure 20: Vortex core radius for no-, small-, and large-grid  cases with angle of attack 𝛼 = 8𝑜 , 5𝑜 , 𝑎𝑛𝑑 2𝑜  and normalized by the initial value of 
ensemble average of vortex core radius, <𝑟𝑐
∗ >. 
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5.6 Vortex Core Velocity: 
 
In order to provide a better understanding of the vortex core evolution, the maximum 
tangential velocity is shown in Fig. 21 (a) to (h). In this figure, the ensemble average of the 
maximum vortex core velocity for the no-, small-, and large-grid cases are presented for 
angles of attack 𝛼 = 8o, 5o, and 2o. In this figure, the vortex core velocity is normalized 
by the initial value, < 𝑈𝑐 >
∗, and is shown as a function of Utt/C. Fig. 21 (a) to (h) 
demonstrates that the angle of attack and turbulence intensity both impacted on the rate of 
decay of <𝑈𝑐>. More specifically, it is shown that the rate of decay of vortex core velocity 
increased within high intensity turbulence and with lower angle of attack (weaker vortex). 
Ghimire and Bailey [2] attributed this decay to the three-dimensional secondary structures 
which form around the primary vortex. However, in contrast to the observations of Ghimire 
and Bailey [2] , in the present results, the vortex decay rate is largely unaffected by the 
presence of free-stream turbulence whereas the geometric size of vortex core size is 
affected.  
 In order to provide a better comparison of the different cases, all the vortex core velocities 
are plotted in Figs. 22 and 23 on the same axes. In these figures they are normalized by 
< 𝑈𝑐 >
∗  and 𝑈𝑡, respectively.  
Similar to Fig. 21, Figs. 22 and 23 indicate that the vortex core velocity for the no-grid 
case and 𝛼 = 8𝑜 has a lower rate of decay; however, the vortex core velocity decayed 
faster for the small-grid with  𝛼 = 2𝑜 or large-grid when 𝛼 = 5𝑜.  In other words, both 
Fig. 22 and Fig. 23 verify that the decay of vortex core velocity has accelerated for the 
weaker vortex when the vortex is immersed in the higher turbulence intensity. 
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Figure 21: Vortex core velocity for no-, small-, and large-grid  cases with the angle of attack 𝛼 = 8𝑜 , 5𝑜 , 𝑎𝑛𝑑 2𝑜  and normalized by the initial 
value of ensemble average of vortex core velocity, <𝑈𝑐
∗ >. (a) no-grid 𝛼 = 8𝑜 , (b) small-grid 𝛼 = 8𝑜 , (c) large-grid 𝛼 = 8𝑜, (d) no-grid 𝛼 = 5𝑜 , 
(e) small-grid 𝛼 = 5𝑜, (f) large-grid 𝛼 = 5𝑜 , (g) no-grid 𝛼 = 2𝑜, (h) small-grid 𝛼 = 2𝑜 
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Figure 22: Vortex core velocity for no-, small-, and large-grid  cases with the angle of attack 𝛼 = 8𝑜, 5𝑜 , 𝑎𝑛𝑑 2𝑜  and normalized by the initial 
value of ensemble average of vortex core velocity, <𝑈𝑐
∗ >. 
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Figure 23: Vortex core velocity for no-, small-, and large-grid  cases with the angle of attack 𝛼 = 8𝑜 , 5𝑜 , 𝑎𝑛𝑑 2𝑜  and normalized by towing tank 
velocity, 𝑈𝑡. 
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5.7 Vortex Core Circulation:  
 
In order to better examine the vortex decay, the effects of free-stream turbulence and angle 
of attack on the core circulation are presented through the ensemble average of core 
circulation in Fig. 24, normalized by the initial value of ensemble average of core 
circulation and presented as a function of Utt/C. The vortex core circulation was calculated 
following  
 < 𝛤𝑐 >= 2𝜋 < 𝑟𝑐 >< 𝑈𝑐>. (5.4) 
   
In the previous sections, we already discussed about the effect of turbulence intensity and 
angle of attack on <𝑟𝑐> and <𝑈𝑐>, and we observed that the growth of <𝑟𝑐> was impacted 
by an increase of turbulence intensity and decrease of the angle of attack. However, <𝑈𝑐> 
was much less affected by <𝑟𝑐>.  Fig. 24 (a) to (h) shows that these effects combine to 
produce a gradual decrease in the core circulation for all cases. Also, the decay of core 
circulation has been accelerated for the lower angles of attack. Furthermore, <𝛤𝑐> 
fluctuated within +/- 0.2<𝛤𝑐> when α = 8
o,  and increased to the +/- 0.4<𝛤𝑐> for the α =
5o and 2o cases. In addition, for the small- and large-grid cases with the α = 5o and 2o 
there was a noticeable decay in <𝛤𝑐>.  
In Fig. 25, the instability of <𝛤𝑐> for the different turbulence intensities and angles of attack 
is plotted as a function of Utt/C for all cases. Similar to Fig. 24, Fig. 25 is normalized by 
the initial value of ensemble average of core circulation, < 𝛤𝑐 >
∗.  Furthermore, Fig. 25 
shows that there is a noticeable fluctuation of core circulation and the amplitude of 
fluctuations increased for the weaker vortex in the higher turbulence intensity. All in all, 
there is a gradual decrease in the ensemble-average of core circulation for all the cases. 
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Figure 24: Vortex core circulation for no-, small-, and large-grid  cases with angle of attack 𝛼 = 8𝑜 , 5𝑜, 𝑎𝑛𝑑 2𝑜  and normalized by the initial value 
of ensemble average of vortex core circulation, <𝛤𝑐
∗ >. (a) no-grid 𝛼 = 8𝑜 , (b) small-grid 𝛼 = 8𝑜 , (c) large-grid 𝛼 = 8𝑜, (d) no-grid 𝛼 = 5𝑜 , (e) 
small-grid 𝛼 = 5𝑜 , (f) large-grid 𝛼 = 5𝑜, (g) no-grid 𝛼 = 2𝑜 , (h) small-grid 𝛼 = 2𝑜 . 
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Figure 25: Vortex core circulation for no-, small-, and large-grid  cases with the angle of attack 𝛼 = 8𝑜, 5𝑜 , 𝑎𝑛𝑑 2𝑜  and normalized by the 
initial value of ensemble average of initial vortex core circulation, <𝛤𝑐
∗ >. 
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Chapter 6: Conclusions and Future Work 
 
The main object of this study was to expand the Ghimire and Bailey [2] research by seeking 
to understand the role vortex strength plays on the interaction between external free-stream 
turbulence and a wing-tip vortex.  To do so, experiments were conducted in the towing 
tank facility at the University of Kentucky using particle image velocimetry to measure the 
velocity field of the vortex and turbulence. 
The wing-tip vortex was generated by a towed NACA0012 wing which was designed and 
built by 3-D printer at the University of Kentucky. To generate wing-tip vortices of 
different circulation, the angle of attack of the wing was adjusted and measurements made 
at angles of attack of 2o, 5o, and 8o. To produce homogeneous and isotropic turbulence 
with different intensities, two different turbulence-generating grids were placed upstream 
of the wing.  The ensemble-average velocity over ten runs was considered as a function of 
time, the external free-stream turbulence, and the angle of attack. 
Similar to what Ghimire and Bailey found [2], our time-series analysis indicates that the 
increase of free-stream turbulence leads to a corresponding increase of the vortex 
wandering amplitude. In addition, in the no-grid case the vortex decayed because of the 
viscous diffusion due to lack of external turbulence. Also, it was observed that the vortex 
decayed in the form of growth in vortex core size and decrease of tangential velocity. 
Growth of the vortex core radius was for all the cases but the rate of growth of the vortex 
core was accelerated for the weaker vortex (vortex with the lower angle of attack). In other 
words, the turbulence intensity impacted the rate of growth.  In addition, the tangential 
velocity decayed faster for.  However, the circulation of vortex core remained quite 
constant for the stronger vortex, but the circulation of the weaker vortices fluctuated in 
time.   
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The following recommendations can be made for future studies about the effect of external 
turbulence on a wing-tip vortex:  
➢ Additional information could be gathered on the vortex properties by repeating this 
experiment with tomographic PIV. Based on the 2-D planar PIV arrangement we 
were not able to measure and investigate the axial velocity component. However, 
the tomographic PIV measures all the velocity components in a three-dimensional 
volume which would allow detailed investigation of the coupling between three-
dimensional structures in the flow and the vortex behavior.  
 
➢ In this experiment configuration, the vortex is formed from a wing, resulting in the 
formation of a spiraling shear layer and wake which surrounds the vortex. To isolate 
the impact of turbulence on a vortex, the vortex should be generated by a different 
technique that will not produce a corresponding shear layer or wake.  
 
➢ In this experiment, the NACA0012 wing had a square tip. In order to study the 
impact of wing-tip shape on the vortex properties, it is possible to use a different 
type of tip and planform for the wing, to optimize the strength of the vortex and 
minimize any instabilities introduced.  
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